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(1) (a) Fix ϵ > 0. Since
∑∞

i=1 ai converges, there exists N ∈ N such that for any m,n > N ,∑n
i=m ai < ϵ

1
3 . Then

∑n
i=m a3i < (

∑n
i=m ai)

3 < ϵ. Hence,
∑∞

i=1 a
3
i converges.

(b) Counter-example:
∑∞

n=1
1
n3 converges but

∑∞
n=1

1
n
diverges. (See Textbook Example

3.7.6 for a proof of the divergence.)

(c) Since an > 0, bn > a1
n
. By Comparison Test, the divergence of

∑∞
i=n bn follows from

that of
∑∞

n=1
1
n
.

(2) (a) Fix ϵ > 0. Take δ = min{12ϵ
29
, 1}.

For any ϵ ∈ (1− δ, 1 + δ), |x3−2
3+x

+ 1
4
| = |x− 1||4x2+4x+5

4x+12
| < 12ϵ

29
29
12

= ϵ.

Hence, limx→1
x3−2
3+x

= −1
4
.

(b) Fix ϵ > 0. Take δ = ϵ4.

For any ϵ ∈ (0, δ), |x 1
4 cos(e

1
x )| ≤ |x 1

4 | < (ϵ4)
1
4 = ϵ.

Hence, limx→0+ x
1
4 cos(e

1
x ) = 0.

(3) Take xn = 1
n
+1. Then limn→∞ xn = limn→∞

1
n
+1 = 1. For any α > 0, by Archimedean

property, there exists n ∈ N such that n > α. exp 1√
xn−1

> exp 1
xn−1

= en > n > α.

Hence, limx→1 exp
1√
x−1

does not exist.

(4) See Test 2 Solution Question 4.


